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Let F = F(X) be the free group on a set of generators X, where X contains 
at least two elements. It is well known ([4] p. 25) that when 1 X 1 = 2, the inner 
automorphisms of F2 = F(X) have a simple characterization by their action 
on the group, namely: an automorphism of F, is inner iff it acts trivially on 
the commutator quotient F,/Fi . This is no longer true when 1 X ] > 3. The aim 
of this note is to characterize inner automorphisms of arbitrary F as the auto- 
morphisms which act trivially on the lattice of normal subgroups. The proof is 
based on an analogous theorem proved by Jarden and Ritter [5] (see also Jarden 
[4]) for free pro-finite and free pro-p groups. A theorem on discrete free groups 
is therefore proved by looking at pro-finite groups. 
Letp be a prime number, G a group. Aut(G) is the group of all automorphisms 
of G. a! E Aut(G) is said to be normal (respectively: jinite-normal, p-normal) if 
or(N) = N for every normal subgroup (respectively: normal subgroup of finite 
index, normal subgroup of p-power index) N of G. Obviously, these definitions 
are valid for a topological group G when we take OL to be a topological auto- 
morphism and N is a closed subgroup. 
OL is called inner if there exists g E G such that for every x E G, a(x) = g-l xg, 
(Y is point-wise inner if for every x E G, there existsg, E G such that a(x) = g,’ xg,. 
The group of inner automorphisms of G is denoted by Inn(G). Clearly, inner 
implies point-wise inner, point-wise inner automorphisms are normal, normal is 
finite-normal and finite-normal implies p-normal for every p. 
THEOREM 1. Let p # 2 be prime. Every p-normal automorphism of F = F(X) 
is inner. In particular, every normal automorphism of F is inner. 
Let @ (respectively: a’,) be the family of all the normal subgroups N of F 
such that: 
1. F/N is a finite group (respectively: finite p-group). 
2. N contains all but finitely many of the elements of X. 
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@ (resp: a,) is a fundamental system of neighborhoods of the identity. 
The completion of F with respect to this topology is called the restrictedpro-jkite 
(resp: pro-p) completion of F, and is denoted by Z?(resp: p(p)). P(resp: p(p)) is the 
freepro-jinite (resp:fieepro-p)group on the set ofgenerators X. There is a canonical 
embedding of F into P and I’(p) ( since F is residually -p and hence also residually 
finite, and by Lemma 2 below), so we consider F as a subgroup of E(p) and p. 
Note that for a pro-finite group, a finite-normal automorphism is normal 
(since every closed normal subgroup is the intersection of open normal sub- 
groups). Similarly for a pro-p group, every p-normal automorphism is finite 
normal and hence normal. 
For more details about pro-finite groups the reader is referred to [8], [9]. 
The following theorem is proved in [5] by a combination of Representation 
Theory and local class field theory methods: 
THEOREM (Jarden-Ritter). Let p # 2 be a prime number. Every normal 
automorphism of P(p) is inner. 
We shall employ this theorem in what follows. There is also the following 
analogous result: 
THEOREM (Jarden [A]). Every normal automorphism of P is inner. 
LEMMA I. If a: is a point-wise inner automorphism of F, then OL is inner. 
Proof. This is an immediate consequence of Lemma 1 in [3]. QED. 
PROPOSITION 1. If p is any prime number, then Np(,,(F) = F, i.e., the nor- 
malizer of F in P(p) is F itself. 
Proof. Let OL EP(P) such that 01-l FOL = F. We may regard 01 as an auto- 
morphism of F. For t E F, let a(t) = 01-r ta. The images of t and a(t) are con- 
jugate in every finite quotient p-group of I’(p) and hence in every finite quotient 
F/N, NE@~. 
F is p-conjugacy separable (see [7]), i.e., if two elements a and b of F are not 
conjugate in F, there is a finite quotient p-group of F in which their images are 
still not conjugate (see [6] p. 26). It is easily seen that one can even find an 
N E QV such that the images of a and b are not conjugate in FIN. Indeed, there 
are only finitely many letters which appear in a and 6. The subgroup generated 
by these elements is a quotient of Fin a natural way and it is also a p-conjugacy 
separable group. 
Applying the above for a = t and b = a(t), we get that t is conjugate to 
a(t) in F. So 01 is a point-wise inner automorphism of F and so it is inner (Lemma 
1). That is, there exists fl E F such that a(t) = /3-l t/3 for all t E F. Thus a-r/I cen- 
tralizes F. Now, F is dense in r’(p), so that a-i/3 is in the center of P(p). This 
center is trivial ([I] Proposition 8), therefore 01 = /I E F. Q.E.D. 
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Remark. By a similar argument one can deduce N@(F) = F. 
Proof of Theorem 1. Let 01 be a p-normal automorphism of F (p + 2). Then OL 
can be extended uniquely to an automorphism Lu of P(p) (because 01 is continuous 
in the topology determined by @,). Since there is a bijection between the sub- 
groups in Qp and the open normal subgroups of r?(p) given by N+ 1v (NE ap 
and m means the closure of N in E(p)) we get from the Jarden-Ritter theorem 
that Or is an inner automorphism, i.e., there exists /I E P(p) s.t. 5(t) = fi-’ t/3 
for all t E&). In particular for t E F, 8-l t/3 = C(t) = or(t) E F. Hence p E Nptp) 
(F) so by Proposition 1, fl E F and cu is inner. Q.E.D. 
The rest of this note is devoted to giving another application of Proposition 1, 
with “pro-finite proofs” of generalizations of two known results in combinatorial 
group theory. 
Recall that the pro-finite (respectively: pro-p) completion of a discrete group 
is the inverse limit of all the finite quotients (resp: the p-groups finite quotients) 
of G and it is denoted by G (resp: G(p)). Note that it is compatible with our 
previous notation only when F is finitely generated, while in the general case 
the pro-finite completion of F is “bigger” than the restricted completion we 
defined above. 
LEMMA 2. The following three conditions are equivalent for a discrete group G: 
(i) G is residually Jinite (resp: residually -p). 
(ii) The canonical homomorphism G + G (resp: G -+ e(p)) is injective. 
(iii) G is isomorphic to a subgroup of some pro-finite (resp: pro-p) group. 
Proof. Trivial. 
Let us call a group quasi-residually -p if it contains a subgroup of finite index 
which is residually -p. It is a well known result of Baumslag (see [6] p. 196) 
that if G is a finitely generated residually finite group, then Aut(G) is residually 
finite. Similarlv: 
PROPOSITION 2. Let G be a finitely generated quasi-residually -p group. Then 
Aut(G) is quasi-residually -p. 
Proof. Let H be a subgroup of finite index in G which is residually -p. 
Without loss of generality we can assume H is a characteristic subgroup of G. 
The family of all normal subgroups of p-power index in H is a system of neigh- 
borhoods of the identity. Let G be the completion of G with respect to this 
topology. As H is a characteristic subgroup of G, every automorphism of G is 
continuous and can be extended to an automorphism of G, so Aut(G) C Aut(G) 
(this is really an embedding since G is embedded in G). G is a topologically 
finitely generated pro-finite group and it is quasi pro-p (i.e., it has an open 
pro-p subgroup which is the closure of H). This yields Aut(G) is quasi pro-p 
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([I] Theorem 6). As Aut(G) C Aut(G), Aut(G) has a subgroup of finite index 
which is a subgroup of a pro-p group, so by Lemma 2, Aut(G) is quasi-residually 
-P. Q.E.D. 
If  G is a group. Out(G) is the quotient group Aut(G)/Inn(G), and it is called 
the group of outer automorphisms of G. 
Edna Grossman ([3]) proved that if F is a finitely generated free group, then 
Out(F) is residually finite (see also [2]). In fact, we have: 
PROPOSITION 3. Let F be a finite[v generated free group. Then Out(F) is 
quasi-residually-p for every p. In particular, it is a residually finite group. 
Proof. There is a compound homomorphism: p: Aut(F) -+ Aut(F[p)) -+ 
Out(&)) whose kernel is K = Aut(F) n Inn(F(p)). K contains Inn(F) and it is 
contained in Aut(F). Hence it normalizes Inn(F) = F. On the other hand, K 
is a subgroup of Inn(F(p)) =F(p), so by Proposition 1; K = Inn(F) = F. This 
gives a monomorphism Out(F) = Aut(F)/Inn(F) -+ Out(&)). Since Aut(F(p)) 
is quasi pro-p ([l] Theorem 6), so is Out(F(p)), and we can deduce by Lemma 2 
that Out(F) is quasi-residually-p. Q.E.D. 
Remark. The condition on F to be finitely generated in Proposition 3 is 
essential, for if F is a free group on a set X which is not finite, then any permuta- 
tion of X determines an automorphism of F. None of them (except the auto- 
morphism determined by the identity permutation) is inner. Therefore, the 
group of the permutations of X, S(X), is contained in Out(F). S(X) contains 
infinite simple groups, so it cannot be a residually finite group and thus Out(F) 
is not residually-finite. 
ACKNOWLEDGMENTS 
The author is indebted to M. Jarden and I. Rips for valuable discussions and to the 
referee for calling our attention to the paper of E. Grossman. 
Note added in proof. In a revised form of their manuscript Jarden and Ritter [S], 
improved their result by omitting the restriction p # 2. Therefore, our Theorem 1 is 
now valid for all primes p (including the case p = 2). 
REFERENCES 
1. M. P. ANDERSON, Exactness properties of pro-finite completion functors, Topology 13 
(1974), 229-239. 
2. R. GILMAN, Finite quotients of the automorphism group of a free group, Cunad. J. 
Math. 29 (1977), 541-551. 
498 ALEXANDER LUBOTZKY 
3. E. GROSSMAN, On the residual finiteness of certain mapping class groups, /. London 
Math. Sot. (2) 9 (1974), 160-164. 
4. M. JARDEN, Normal automorphisms of free pro-finite groups, J. Algebra, in press. 
5. M. JARDEN AND J. RITTER, Normal automorphisms of absolute Galois groups of 
p-adic fields, to appear. 
6. R. C. LYNDON AND P. E. SCHUPP, “Combinatorial Group Theory,” Springer-Verlag, 
Berlin/Heidelberg/New York, 1977. 
7. A. W. MOSTOWSKI, On the decidability of some problems in special classes of groups. 
Fund. Math. 59 (1966) 123-135. 
8. L. RIBES, “Introduction to pro-finite groups and galois cohomology,” Queen’s papers 
in Math. 24, Queen’s University, Kingston, 1970. 
9. J. P. SERRE, “Cohomologie galoisienne,” Lecture Notes in Mathematics No. 5, 
Springer-Verlag, Berlin/Gottingen/Heidelberg, 1964. 
